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Context: atmospheric reentry 

Accurately simulating atmospheric reentry is crucial

Either to ensure that objects, like satellites, are correctly destroyed …

… Or to allow space shuttle passengers to return home safely.
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stream
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reaction
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Shock

Motivating example: atmospheric reentry with chemical reactions

Example: atmospheric reentry coupled with chemical reactions

Multi physics, multi scale simulations, can be very 
expensive because of the coupling of different physics
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Trade-off between model accuracy and cost-efficiency:

Pressure field

4090 s81 s

Motivating example: Effect of chemical model on a Toy problem

*

*  Obtained with a CEA simulation code developed by Simon Peluchon [23]

 We want the code cost effective enough to conduct parametric studies
 But accurate enough to simulate correct physics
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With chemical reactionsWithout chemical reactions (Perfect gas)

time :time :



Goal: Acceleration of the code using Machine Learning
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Neural nets. as surrogate models for 
hybridization

 More and more successful, cf. recent techniques and architectures. [4, 7, 
19, 9, 20, 21,…]

 Have theoretical approximation guarantees - Hornik et al. 1989, Barron 
1994,  Zhou et al. 2017 [8, 1, 11].

Scientific machine learning: 

 At inference, the complexity of neural networks is:
o Independent from the size of the training database.
o Linear w.r.t input/output dimension.

 Their implementation boils down to a succession of matrix-vector products.

Acc.

Perf.

“Machine learning for advanced scientific 
computing research” *

* Baker et al. 2019 [22]



     the number of neurons in the network k-th layer, with 
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Neural Networks: definition

     the depth of the network

and
     the activation function of the k-th layer (usually non 

linear)
                                                                                    the 

weights matrix between the (k-1)-th and k-th layer               
         the bias vector of the k-th layer

Definition of a fully connected neural network

Let such that

,
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Neural Networks: definition



: global min. of
: global min. of
: a local min. of

The machine learning task
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The final error of is

Stakes of Machine Learning: Error decomposition
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The final error of is

Stakes of Machine Learning: Error decomposition
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Generalization



The final error of is

Stakes of Machine Learning: Error decomposition
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Generalization

Optimization



The final error of is

Stakes of Machine Learning: Error decomposition
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Generalization

Optimization

Estimation



The final error of is

Stakes of Machine Learning: Error decomposition

[3]
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Generalization

Optimization

Estimation

Architecture



The Machine Learning methodology
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Goal-Oriented Sensitivity 
Analysis of 
Hyperparameters in Deep 
Learning, 
Paul Novello, Gael Poette, 
David Lugato and Pietro 
Congedo, 
Submitted to the Journal 
of Scientific Computing

 Construction of a 
PDE framework for 
training neural 
networks.

 PDE based 
Stochastic 
Gradient Descent 
(PDESGD).

Outline of the thesis
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The learning task: Second order optimization

Notations:

Newton algorithm:

We aim at cancelling the gradient with the iterative algorithm defined by

Advantages:

 Optimal step sizes
 Leverages 2nd order 

Drawbacks:

 Computationally expensive
 Goes upward when J is non 

convex
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The learning task: First order optimization

Notations:

Gradient descent (GD):

We aim at cancelling the gradient with the iterative algorithm defined by

where

Advantages:

 Computationally efficient
 Ensures that the 

optimization does not go 
upward when J is non 
convex

Drawbacks:

 The learning rate may be 
sub optimal

 Only first order 
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PDE formulation of Newton algorithm

 The update formula of Newton algorithm can be reformulated as

where      is the vector of neural network parameters and       is the 
updated value that we are looking for. Then, by using the definition of J:

 This equation can be seen as a PDE of unknowns and where 
is the neural network.
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Constructing the PDE framework

Goal: solving the PDE by using Kolmogorov’s backward 
equation and simulating an Ito process

Kolmogorov’s backward equation:
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Constructing the PDE framework

 Link between the two PDEs:  What we have to do to close the gap:
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Making the PDE scalar 

And to make it look even more like (1):
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Making the PDE scalar 
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Making the PDE scalar 
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Making the PDE unstationnary

We can add a dependence w.r.t. time. The PDE becomes:
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Making the PDE unstationnary
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Closure and dependency on x by assumptions on fluctuations

Assumption:

Is this assumption justified ? Cf [*]

[*] An analogy between solving Partial Differential Equations with Monte-Carlo schemes and the Optimisation 
process in Machine Learning (and few illustrations of its benefits), 
Gael Poette, Paul Novello, David Lugato, Working report.
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Assumption:

Closure and dependency on x by assumptions on fluctuations
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Closure and dependency on x by assumptions on fluctuations
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PDE framework

 Let us consider

If those terms are defined, we can solve the PDE using a discretized Ito process :
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PDE framework methodology

Methodology:

 Choose
 Simulate       using

and

 … meanwhile monitoring 
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PDESGD: Improving SGD using the PDE framework

with step sizes       defined as:

to ensure stability and accuracy in 
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 A simple test case

 Depth: 1
 Width: 2
 Activatioon function: ReLU
 Loss function: MSE
 No bias parameters
 Residual connection between 

input and output
 The function to approximate is

In that case, the training 
consists in optimizing:

Consider the neural network 
training problem where:
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 Convergence speed in the convex region (empirical)
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 Parameter space stable exploration using 

Heat maps of the probability to reach the region of the global minimum 
from coordinates of the map for PDESGD and SGD with different 
learning rates 

PDESGD

SGD

SGD

SGD
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 Parameter space stable exploration using 

PDESGD SGD

Example of points visited during the 
optimization when initialized outside of the 

convex region
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Experiments on UCI data sets

Evolution of validation error on 5 UCI datasets

BH

D CHCCPP

ASN
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Surrogate model to speed-up simulations

Motivating example: Approximating the solution of chemical reactions solver

Mutation++ - Scoggins et al. 2020 [17]
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Sketch of the code

: Fluid variables : Chemical reactions variables



 Construction of a large training database
 Mutation++ is cheap when called as a standalone function

 Vectorization of the chemical reactions
 The neural net can process the whole mesh at once whereas 

Mutation++ includes a Newton i.e. is can not be vectorized 
easily

Neural Network

04/05/2022 Commissariat aux énergies atomiques et aux énergies alternatives 42

Original code Hybrid code

Mutation++ [17]

Advantages

Surrogate model to speed-up simulations

: Fluid variables : Chemical reactions variables

Motivating example: Approximating the solution of chemical reactions solver



time 
:

time :81 s 4090 
s

MPP (Mutation ++)PG (Perfect 
Gas)

NN (Neural Network)

time :531 
serror 

:
error :referror :
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Neural networks based hybrid code: some results

[*] Accelerating hypersonic reentry simulations using deep learning-based hybridization (with 
guarantees),
Paul Novello, Gael Poette, David Lugato and Pietro Congedo. 
In preparation. To be sent to the Journal of Computational Physics

[*]

Pressure field



time 
:

time :81 s 4090 
s

MPP (Mutation ++)PG (Perfect 
Gas)

NN (Neural Network)

time :220 
serror 

:
error :referror :

Is this error acceptable ? Can we obtain guarantees ?

With BO + 
HSIC !
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Neural networks based hybrid code: some results

Pressure field



Zero error guarantee: initialization of MPP with NN

Uninformativ
e initial 
guess

conv. in  

Prediction
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MPP

Mutation++



Zero error guarantee: initialization of MPP with NN

NN+MPP: Exact same accuracy as MPP,  10.6 times faster

Uninformativ
e initial 
guess

conv. in  MPP

conv. in  NN conv. in  MPP

Prediction
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NN+MPP

Mutation++Neural net



Acceptable error: Error study

 Parameter uncertainty error:
 Discretization error:
 Model error:

How do they compare to          , the error 
coming from the approximation of Mutation++ 
by a neural network?

Error study:

Upstream speed: with

Mesh size: (PG/NN/MPP ) vs (PG/NN/MPP )

Model: PG vs NN/MPP

Neural network approximation: MPP vs NN

…under the uncertainty of 
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Acceptable error: Error study

Pressure at the wall of the object

 Model:
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Acceptable error: Error study

Pressure at the wall of the object Uncertainty:
 Model:
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Acceptable error: Error study

Pressure at the wall of the object Uncertainty:
 Model:
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Acceptable error: Error study

Pressure at the wall of the object(zoomed) Uncertainty:
 Discretization:

 Model:
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Acceptable error: Error study

Pressure at the wall of the object(zoomed) Uncertainty:
 Discretization:

 Model:

 Neural network:
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Acceptable error: Error study

Pressure at the wall of the object(zoomed) Uncertainty:
 Discretization:

 Model:

 Neural network:
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Acceptable error: Error study

Pressure at the wall of the object(zoomed)

is OK

 Uncertainty:
 Discretization:

 Model:

 Neural network:
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Acceptable error: Error study

is OK

This study has been conducted with NN+MPP:
 10 times faster
 Enabled the prediction for some values of     that 

led to numerical instabilities, preventing 
convergence with MPP
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Conclusion

 We constructed a framework for training neural networks based on a PDE 
formulation of Newton algorithm. 

 We derived an optimization algorithm (PDESGD) from this framework, 
exhibiting interesting properties and good results on simple machine learning 
test cases.

Contributions

Perspectives
 Apply PDESGD on large scale deep learning problems, like image and text 

processing
 Leverage the PDE framework to improve the understanding of the learning 

process of neural networks.

[*]

[*] An analogy between solving Partial Differential Equations with Monte-Carlo schemes and the Optimisation 
process in Machine Learning (and few illustrations of its benefits), 
Gael Poette, Paul Novello, David Lugato, Working report.
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Conclusion

 We approximated the chemical solver of a CFD simulation code with a neural 
network and obtained a significant speed-up.

 We designed methodologies to obtain accuracy guarantees of the hybrid 
code.

Contributions

 Room for computational optimization
 Use this tool to accelerate large scale simulation codes, together with the 

methodologies to ensure accuracy.

[**]

[**] Accelerating hypersonic reentry simulations using deep learning-based hybridization (with 
guarantees),
Paul Novello, Gael Poette, David Lugato and Pietro Congedo. 
In preparation. To be sent to the Journal of Computational Physics
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